Abstract. We give a necessary and sucient condition for an involution lattice to be isomorphic to the direct square of its invariant part. This result is applied to show relations between related lattices of an algebra. For instance, generalizing some earlier results of G. Czédli and L. Szabó it is proved that any algebra admits a connected compatible partial order whenever its quasiorder lattice is isomorphic to the direct square of its congruence lattice. Further, a majority algebra is lattice ordered if and only if the lattice of its compatible reexive relations is isomorphic to the direct square of its tolerance lattice. In the latter case, one can establish a bijective correspondence between factor congruence pairs of the algebra and its pairs of compatible lattice orders; several consequences of this result are given.
Introduction
It is well known that the compatible reexive relations, the tolerances, the quasiorders and the congruences of an algebra (A, F ) form algebraic lat-tices with respect to inclusion . We denote them by Refl (A, F ), Tol (A, F ), Quord (A, F ) and Con (A, F ), respectively. These lattices are not independent: Tol (A, F ) is a sublattice of the lattice Refl (A, F ), Con (A, F ) is a sublattice of Quord (A, F ), moreover, the inmum of a system {α i | i ∈ I} of elements in each of these lattices is equal to the set theoretical intersection {α i | i ∈ I}. Therefore, as algebraic structures with meet and join, we shall use the notations Refl (A, F ), ∩, , Tol (A, F ), ∩, , Quord (A, F ), ∩, ∨ and Con (A, F ), ∩, ∨ , respectively. Let α −1 = (a, b) | (b, a) ∈ α denote the inverse of a relation α A × A. Then the mapping ι : α −→ α −1 is an involution both in the lattice Refl (A, F ), ∩, and in Quord (A, F ), ∩, ∨ . As shown in [6] and [19] , in the case of a partially ordered algebra (A, F, ), there are some other relations between the above lattices. For instance, in [6] it is proved that for a lattice ordered majority algebra (A, F, ), the algebra Quord (A, F ), ∩, ∨, ι is isomorphic to the algebra Con 2 (A, F ), ∩, ∨, τ , where τ (θ 1 , θ 2 ) = (θ 2 , θ 1 ) for (θ 1 , θ 2 ) ∈ Con 2 (A, F ). In this paper several generalizations of this theorem are given. By using Theorem 2.1 we prove necessary and sucient conditions for the isomorphism Quord (A, F ), ∩, ∨, ι ∼ = Con 2 (A, F ), ∩, ∨, τ , as well as for the isomorphism Refl (A, F ), ∩, , ι ∼ = Tol 2 (A, F ), ∩, ∨, τ in the case of a general algebra (A, F ). Moreover, we show that a majority algebra is lattice ordered if and only if we have the second isomorphism above (see Theorem 4.6), and we deduce several consequences of this fact. For instance, we prove that there exists a bijective correspondence between the pairs of factor congruences of a lattice ordered majority algebra (A, F ) and its pairs of lattice orders (cf. Proposition 4.8(i)) and the conditions Refl (A, F ) = Quord (A, F ) and Tol (A, F ) = Con (A, F ) are equivalent (cf. Proposition 4.10). The complemented elements of the lattice Refl (A, F ) are also characterized (see Proposition 5.2).
1. Preliminaries
Let α A × A be a binary relation on a set A. If α is reexive and
symmetric, then it is called a tolerance on the set A, and if it is reexive and transitive, then it is called a quasiorder on A. The reexive relations, the tolerances, and the quasiorders on a set A form algebraic lattices with respect to , denoted by Refl (A), Tol (A), and Quord (A), respectively. Their least and greatest elements are = (a, a) | a ∈ A and ∇ = A × A. A tolerance of an algebra (A, F ) is a tolerance relation on the set A compatible with the operations of the algebra (A, F ), and a quasiorder of an algebra (A, F ) is a compatible quasiorder q A × A. Obviously, we have
q is a partial order ⇐⇒ q ∈ Quord (A, F ) and q ∩ q −1 = . 
Thus Quord (A, F ) is a complete sublattice of Quord (A) (see e.g. [17] ).
Of course, the restriction of ι to the set I is the identity mapping id, moreover if (L, ∧, ∨) is a complete lattice, then (I, ∧, ∨) is a complete sublattice of it. If L is a bounded lattice (i.e. a lattice with least element 0 and greatest element 1), then (L, ∧, ∨, ι) is called a bounded involution lattice and it follows ι(0) = 0, ι(1) = 1.
Example
(3) Let (A, F ) be any algebra. Then Quord (A, F ), ∩, ∨, ι is a bounded involution lattice, where the involution is given by ι(q) = q −1 , q ∈ Quord (A, F ), and its invariant part is I = Con (A, F ), ∩, ∨, id (see e.g. [17] and [6] ).
(4) Analogously, the algebra Refl (A, F ), ∩, , ι , with ι(α) = α −1 , α ∈ Refl (A, F ), is a bounded involution lattice with invariant part [18] ). The central pairs of a bounded lattice have several characterizations. For instance, in [13] we can nd the following:
A lattice L with least element 0 is called 0-modular, if for any a, b, c ∈ L the implication
holds. In view of Varlet's result [21] , a lattice with 0 is 0-modular if and only if it does not contain an N 5 sublattice including 0. It was proved in [13] that, for any 0-modular lattice, (1) implies (2) .
As the centre of a bounded lattice is preserved by its automorphisms, c ∈ Cen (L) implies ι(c) ∈ Cen (L) for any bounded involution lattice (L, ∧, ∨, ι). Hence, denoting by ι C the restriction of ι to Cen (L) we obtain that Cen (L), ∧, ∨, ι C is a subalgebra of (L, ∧, ∨, ι).
A structure theorem for involution lattices
Our starting point is the following result of [5] 
Theorem F. If L is a bounded distributive lattice with involution, then L is isomorphic with the square of its invariant part via the isomorphisms given by formulas (2.3) and (2.4) below.
First, we generalize this result to arbitrary bounded involution lattices. While Theorem F is used for Quord (L) of a lattice L in [5] (see Example 1.2(3)), the present paper generalizes this in many ways and presents a lot of related results. 
It is easy to see that both f and g are order-preserving functions, hence to prove that they are lattice isomorphisms, it is enough to show that they are inverses each of other. Indeed, for any (x, y) ∈ I 2 we get
Hence, we obtain
Further, for any x ∈ L we obtain
proving that f and g are inverses of each other. Now, it is easy to check that f ι(x) = τ f (x) , for any x ∈ L and g τ (x, y) = ι g(x, y) , for any x, y ∈ I, thus we obtain that f and g are involution lattice isomorphisms, and hence 
is a bounded lattice, K must be also bounded. Let 0 K and 1 K stand for the least and the greatest element of K, respectively.
Denote by c and c * the elements in Cen (L) corresponding by isomorphism to (0 K , 1 K ) and (1 K , 0 K ), respectively. Then by the same argument as in the proof of Theorem 2.1, we get ι C (c) = c * and c * = c . Hence, ι(c) = ι C (c) = c , proving that condition ( * ) holds for (L, ∧, ∨, ι), too. Now, by applying Theorem 2.1, we obtain (i).
Conclusions for general algebras
In this section, we collect several conclusions from Theorem 2.1 for general algebras. Let (A, F ) be any algebra. It is easy to see that, q, q −1 ∈ Quord (A, F ) are complements of each other in Quord (A, F ) if and only if q is a connected partial order. Similarly, = ι( ) = −1 , for some ∈ Refl (A, F ), if and only if A × A is an antisymmetric relation and −1 = ∇. From these observations and Theorem 2.1 it follows immediately Proposition 3.1. Let (A, F ) be any algebra. Then we have: 
In [8] and [14] , it was proved that the quasiorder lattice of a majority algebra is distributive. As the central pairs in a distributive lattice are exactly the complemented pairs of elements, we obtain Corollary 3.2. Let (A, F ) be a majority algebra. Then
if and only if (A, F ) admits a connected compatible partial order. Let us observe that for a unary algebra (A, F ) and any system 
if and only if (A, F ) admits an antisymmetric reexive compatible relation
Now, let A be a nonempty set and F = {id A }. Then obviously, Refl (A) = Refl (A, F ) and Tol (A) = Tol (A, F ). Since on any nonempty set there exists a linear order R A × A and since R ∪ R −1 = ∇, from Corollary 3.3 we obtain the following Corollary 3.4. For any nonempty set A we have
Let (A, ) be a partially ordered set. An equivalence relation θ A × A is called a congruence of the poset (A, ) if it is the kernel of a -preserving mapping, i.e. if there exists a poset (B, * ) and a mapping f :
. In [7] it was proved that an equivalence θ is a congruence if and only if θ = (θ ∨ ρ) ∩ (θ ∨ ρ −1 ) holds in the lattice Quord (A), ∩, ∨ (see also [12] ).
Let A × A be a compatible partial order of an algebra (A, F ). An order-congruence of the partially ordered algebra (A, F, ) (see [7] ) is a congruence of (A, F ), which is at the same time a congruence of the poset (A, ). Now, using these notions we have:
, then there exists a connected compatible partial order of (A, F ) such that every θ ∈ Con (A, F ) is an order-congruence of (A, F, ).
Then, by Proposition 3.1(i), there exists a connected partial order A × A such that ∈ Cen Quord (A, F ) . Hence −1 = also belongs to Cen Quord (A, F ) , and so the relation 
(ii) If Refl (A, F ) is a 0-modular lattice, then
and only if Quord (A, F ) (and Con (A, F )) is a distributive lattice. F ) is a 0-modular lattice, R and R −1 form a central pair in the lattice Quord (A, F ) (as mentioned in 1.3, cf. also [13] ). Hence, by Proposition 3.1(i), we get Quord (A,
(ii) is proved analogously.
Corollary 3.5, any θ ∈ Con (A, F ) is a congruence of the linearly ordered set (A, R). In [12] it was proved that the congruences of a nite linearly ordered set form a distributive sublattice of the lattice Equ (A) of all equivalence relations dened on the set A. Since for any algebra (A, F ) the lattice Con (A, F ) is a sublattice of Equ (A), in our case Con (A, F ) is also a sublattice of the lattice of all congruences of (A, R), hence Quord (A, F ) (and also Con (A, F )) is distributive. Conversely, assume that Quord (A, F ) is a distributive lattice. Then it is 0-modular, too. Hence, by applying (i) we obtain the required isomorphism.
Lattice ordered majority algebras
In this section we prove necessary and sucient conditions for the iso- is a partially ordered majority algebra such that is locally bounded, then is a lattice order and the meet and join operations with respect to are local polynomial functions of (A, F ). If (A, F, ) is a lattice ordered majority algebra, then any α ∈ Refl (A, F ) is preserved by the lattice operations ∨ and ∧.
Proof. Take any (x 1 , x 2 ), (y 1 , y 2 ) ∈ α and let u := x 1 ∧ x 2 ∧ y 1 ∧ y 2 and v := x 1 ∨ x 2 ∨ y 1 ∨ y 2 . Then, in view of Fact 4.1,
A lattice L with 0 is called pseudocomplemented if for each x ∈ L there exists an element x * ∈ L such that y ∧ x = 0 ⇔ y x * , for any y ∈ L. Let (A, F ) be a majority algebra. Then, according to [9] , Tol (A, F ) is a 0-modular and pseudocomplemented lattice and α * ∈ Con (A, F ), for any α ∈ Tol (A, F ). (The particular case where (A, F ) is a lattice goes back to Bandelt [1] .) For Refl (A, F ) the same lattice properties were proved in [4] , and it was shown that α ∈ Refl (A, F ) implies α * ∈ Quord (A, F ). It was also proved that for any α, β, γ ∈ Tol (A, F )
We say that two elements a, b ∈ L of a bounded lattice L form a semicentral pair if a ∧ b = 0 and x = (x ∧ a) ∨ (x ∧ b) for all x ∈ L (see also [2] ). Clearly, if a, b ∈ L form a semicentral pair, then a ∨ b = 1, hence a and b are complements of each other. A pair θ 1 , θ 2 ∈ Con (A, F ) is called a pair of factor congruences of the algebra
It is well-known, that this is equivalent to the conditions
Remark 4.3. Note that in a 0-modular pseudocomplemented lattice L a complement x of an element x ∈ L (if it exists) equals x * , and hence it is unique. Indeed, if x exists, then x ∧ x = 0, hence x x * . As x ∨ x = 1, we get x ∨ x * = 1. Now, using 0-modularity, we obtain
The next lemma, which is an easy consequence of the denition of α β in Refl (A, F ), will be frequently used in our proofs: Lemma 4.4. Let (A, F ) be an algebra, α, β ∈ Refl (A, F ) and let α ∪ β denote the subalgebra generated by the union quasiorder. Since ∩ −1 = , is a partial order. As
• −1 = −1 • = ∇. Now, the latter equalities imply that is a locally bounded (compatible) partial order. Since (A, F ) is a majority algebra, according to Fact 4.1, we obtain that is a compatible lattice order of (A, F ).
(ii) ⇒ (iii). Assume that is a compatible lattice order of (A, F ), and let ∧ ( ) , ∨ ( ) stand for the corresponding lattice operations. Then , −1 ∈ Refl (A, F ) and ∩ −1 = . First, we prove that , −1 is a semicentral pair in the lattice Refl (A, F ) (see the denition before 4.3). Take any α ∈ Refl (A, F ). In view of Lemma 4.4(i), we have to show that
α, hence we have to prove only the converse inclusion. Take any (x, y) ∈ α. Now let u := x ∧ ( ) y be the greatest lower bound and v := x ∨ ( ) y the least upper bound of {x, y}. Then, by Corollary 4.2, we get
Hence, by the denition of v, we have (
) . Hence and −1 form a semicentral pair in Refl (A, F ). Then clearly = −1 , and since Refl (A, F ) is a 0-modular lattice, we obtain (cf. 1.
Theorem 4.6. Let (A, F ) be a majority algebra. Then the following are equivalent:
(i) (A, F ) has a compatible lattice order.
Proof. (i) ⇒ (ii). Suppose that (A, F ) has a compatible lattice order . Then, by Proposition 4.5, we get , −1 ∈ Cen Refl (A, F ) and = −1 = ι( ). Hence, by applying Theorem 2.1 to the involution lattice Refl (A, F ), ∩, , ι , we obtain (ii).
(
Then, in view of Proposition 4.5, is a compatible lattice order of (A, F ).
Proof. In view of [3] , any distributive lattice has a distributive tolerance lattice. As any lattice is a lattice ordered majority algebra, by Theorem 4.6,
The next proposition is a generalisation of the corresponding results given only for lattices in [10] . Let (A, F, ) be a lattice ordered majority algebra. Then we have: (i) There exists a bijection between the pairs of factor congruences of (A, F ) and the pairs of compatible lattice orders of (A, F ). In particular, the pair , −1 corresponds to the pair ∇, of factor congruences.
(ii) (A, F ) is directly irreducible if and only if (A, F ) has no compatible lattice-order dierent from and −1 .
Proof. (i) If (A, F, ) is a lattice ordered majority algebra, then by Theorem 4.6 we have Tol
, and in view of Theorem 2.1, the isomorphism can be given by the mapping
Let θ 1 , θ 2 be a pair of factor congruences of (A, F ). In view of [9] , this is equivalent to the fact that θ 1 and θ 2 are complements of each other in the lattice Tol (A, F ). Now, let
, and hence by isomorphism we get
in Refl (A, F ), and applying Proposition 4.5 we get that σ 1 and σ 2 = σ −1 1 are compatible lattice orders of (A, F ).
Conversely, if σ is a compatible lattice order of (A, F ), then in view of Proposition 4.5, , F ) , and hence, in view of [9] , θ 1 , θ 2 is a pair of factor congruences of (A, F ). Therefore, restricting g we obtain a bijection between the pairs of factor congruences of (A, F ) and the pairs of compatible lattice orders of (A, F ). It can be readily seen that g(∇, ) = and g( , ∇) = = −1 .
(ii) is clear. In view of [19] a linearly ordered majority algebra (A, F, ) has no locally bounded compatible partial orders dierent from and −1 . Hence, by Proposition 4.8(ii), we obtain Corollary 4.9. Any linearly ordered majority algebra is directly irreducible.
Proposition 4.10. Let A = (A, F, ) be a lattice ordered majority algebra. Then the following are equivalent:
Clearly, (i) implies that any tolerance of (A, F ) is a congruence, i.e. Tol (A, F ) = Con (A, F ).
(ii) ⇒ (i). Suppose Tol (A, F ) = Con (A, F ). Then, by Theorem 4.6, any σ ∈ Refl (A, F ) has the form σ = (θ 1 ∩ ) (θ 2 ∩ −1 ), for some θ 1 , θ 2 ∈ Con (A, F ). First, we prove
By Lemma 4.4(ii) we have
In order to show ( ), take any (a, b)
. Denoting by ∧ ( ) and ∨ ( ) the meet and join operation of the lattice (A, ), in view of Corollary 4.2, we obtain
, and now ( ) follows from ( ) by the (θ 1 , )(θ 2 , −1 ) symmetry.
Since the relations θ 1 ∩ and θ 2 ∩ −1 are permutable quasiorders of (A, F ), we obtain
Hence σ ∈ Quord (A, F ), and this proves Refl (A, F ) = Quord (A, F ).
Compatible reexive relations on a lattice ordered majority algebra
It was proved in [4] that for any majority algebra, Refl (A, F ) is a pseudocomplemented and 0-modular lattice. Now, as an immediate consequence of Theorem 4.6 we obtain Corollary 5.1. If (A, F, ) is a lattice ordered majority algebra and α, β, γ ∈ Refl (A, F ), then
Proof. As (A, F ) is a majority algebra, the implications (1) and (2) are satised in Tol (A, F ), for any α, β, γ ∈ Tol (A, F ) (see [4] ). By Theorem 4.6, Refl (A, F ), ∩, , ι ∼ = Tol 2 (A, F ), ∩, , τ , thus the same implications are satised by any α, β, γ ∈ Refl (A, F ).
Proposition 5.2. Let (A, F ) be a majority algebra and ν a complemented element in the lattice Refl (A, F ).
Proof. (i) Let ν be the complement of ν in the lattice Refl (A, F ) (ν is unique since Refl (A, F ) is 0-modular and pseudocomplemented, cf. [4] ). Then by Lemma 4.4 
is a lattice ordered majority algebra, then by Corollary 5.1(2) F ) is a 0-modular lattice, in view of [13] , ν (and ν ) is a central element of it.
Corollary 5.3. Let ν A × A be a compatible lattice order or a factor congruence of a lattice ordered majority algebra (A, F ). Then ν is a central element of Refl (A, F ) and ν • α = α • ν = α ν holds for every α ∈ Refl (A, F ).
Proof. If ν is a compatible lattice order of (A, F ), then our assertion follows directly from Proposition 4.5 and Proposition 5.2. Now, let ν and ν be a pair of factor congruences of (A, F ). Then, by [9] , ν and ν are complements of each other in the lattice Tol (A, F ), i.e. ν ∩ ν = and ν ν = ∇. Hence ν is also a complemented element in Refl (A, F ), so applying Proposition 5.2 we get the required result. Now, let A = n i=1 A i be a nite direct product of algebras A i and
. . , x n ) = x i be the corresponding natural projections, i ∈ {1, . . . , n}, n 1. For any system α i A 2 i , i ∈ {1, . . . , n} of compatible binary relations of the algebras A i dene the relation α A 2 by
Then α is a compatible relation of A, denoted by n i=1 α i , which is called the direct product of the relations α i , i ∈ {1, . . . , n}. Obviously, if each α i A 2 i is reexive, then n i=1 α i is also reexive. Notice also, that each A i is a lattice ordered majority algebra, whenever A = n i=1 A i is a lattice ordered majority algebra. We will use also the notation x := (x 1 , . . . , x n ) for elements of Then Φ Ψ(α 1 , . . . , α n ) = (α 1 , . . . , α n ) by denition, and Ψ Φ(α) = α, according to the previous proof, i.e. Φ and Ψ are inverses of each other. It is easy to check that both Φ and Ψ are order-preseving, therefore they are lattice isomorphisms. Thus Refl (A) ∼ = n i=1 Refl (A i ).
